Resistance functions for two spherical particles with the Navier slip boundary condition in general linear flows, including rigid translation, rigid rotation, and strain, at low Reynolds number are derived by the method of reflections as well as twin multipole expansions. In the solutions, particle radii and slip lengths can be chosen independently. In the course of calculations, single-sphere problem with the slip boundary condition is solved by Lamb's general solution and the expression of multipole expansions, and Faxén's laws of force, torque, and stresslet for slip particle are also derived. The solutions of two-body problem are confirmed to recover the existing results in the no-slip limit and for the case of equal scaled slip lengths.
I. INTRODUCTION
According to increasing scientific interests in micro-and nanofluidics and nanotechnology in recent years, fluid mechanics is applied to such small-scale systems, in addition to molecular-level theories, where the characteristic Reynolds number is generally small enough to take the Stokes approximation governed by linear partial differential equations. In fluid mechanics, historically, both no-slip and slip boundary conditions were proposed in nineteenth century 1 when the proper boundary conditions were discussed in the first place. Navier 2 gave the slip boundary condition where the slip velocity is proportional to the tangential component of the surface force density. For gas flows, Maxwell 3 had shown that the surface slip is related to the non-continuous nature of the gas and the slip length is proportional to the mean-free path. For liquids, on the other hand, from experiments at that age, the no-slip boundary condition was accepted and since then had been treated as a fundamental law. However, by recent extensive studies on the surface slip in micro and nano scales, the physics of the liquid-solid slip is recognized to be much more complicated than that for gases. Actually apparent violations of the no-slip boundary condition at the liquid-solid interface in nano scale have been reported. 1, [4] [5] [6] Although the importance of the surface slip is realized, theoretical studies and analytical solutions for the slip boundary condition are very limited compared with those for the no-slip boundary condition. Basset solved the flow of single sphere with slip surface, 7 Felderhof derived Faxén's law and solutions expressed by multipole expansions for single sphere 8 and two spheres, 9 Bławzdziewicz et al. showed the interaction between the slip spheres and lubrication functions for the axisymmetric motion, 10 and Luo and Pozrikidis studied two slip spheres under the shear flow. 11 Recently, the present authors extended the Stokesian dynamics method (without lu- * Electronic address: kengoichiki@gmail.com brication) for slip particles using multipole expansions and Faxén's laws and obtained the slip dependencies for the drag coefficient and effective viscosity. 12 With no-slip boundary condition, the problem of two spherical particles is solved by Jeffrey and Onishi 13 and Jeffrey 14 for arbitrary size ratio of the particles in arbitrary linear flows. The extension to the slip particles was done by Ying and Peters 15 for the gas-solid system and by Keh and Chen 16 for the liquid-solid system, but they lack the strain flows. Keh and Chen 16 applied the Navier slip boundary condition under a condition that the ratios of the slip length and radius for two particles are equal. Based on theory by Felderhof, 8, 9 there is alternative formulation of twosphere problem which covers boundary conditions of surface slip as well as permeability [17] [18] [19] [20] ; they gave mobility functions analytically, 18 computationally, 19 and numerically, 20 and resistance functions analytically. 17 The analytical expression of resistance function, which is the subject of present paper, is limited to lower orders.
In this paper, we will show the exact solution of two spheres in the form of resistance functions with arbitrary size ratio under the Navier slip boundary condition with arbitrary slip lengths in general linear flows including strain and shear flows. The present formulation is based on the no-slip case by Jeffrey and Onishi 13 and Jeffrey, 14 but we will show all the necessary equations in order that the present paper be selfcontained. We refer equations in the references as Eq. (JO-1) for Jeffrey and Onishi, 13 Eq. (J-1) for Jeffrey, 14 and Eq. (KC-1) for Keh and Chen. 16 The paper is organized as follows. In Sec II, the definition of resistance functions and Lamb's general solution are summarized. In Sec III, the solution of single sphere with slip boundary condition is shown. In Sec IV, two-body problem is solved by twin multipole expansions comparing with the results by method of reflections (shown in Appendix A). Concluding remarks are given in Sec V.
II. FORMULAS OF THE STOKES FLOW

A. Resistance Functions
At low Reynolds number, the incompressible viscous fluid is governed by the Stokes equation
with the incompressibility condition
where p is the pressure, u is the velocity, and µ is the shear viscosity of the fluid, Let us consider spherical particles in a linear flow u ∞ given at position x by
where the three constants U ∞ , Ω ∞ , and E ∞ are the rigid translational velocity, rigid rotational velocity, and rate of strain of the imposed flow, respectively. According to the linearity of the Stokes equation, dynamics of the particles is completely characterized by the resistance equation (or, equivalently, the mobility equation, that is, the inverse of the resistance equation). 
where F (α) , T (α) , and S (α) are the force, torque, and stresslet of the particle α, and U (α) , Ω (α) , and E (α) are the translational and angular velocities and strain of the particle α, respectively, and x α denotes the center of particle α. In the equation, the grand resistance matrix is decomposed into 6 × 6 submatrices. Because of the symmetry of the grand resistance matrix, the matrices with tilde are obtained from the counterparts as B αβ = B † βα , G αβ = G † βα , and H αβ = H † βα , (where † denotes the transpose) and, therefore, we need to calculate, at least, the rest. Following Jeffrey et al., 13, 14 we scale these submatrices [in (JO-1.7a,b,c) and (J-3a,b,c)] as
where a α is the radius of particle α, and the matrices with hat are dimensionless. For spherical particles, the matrices can be further reduced, because the geometry of the problem is completely characterized by the single vector r = x β − x α . These submatrices are then given by scalar functions [in (JO16a,b,c) and (J-4a,b,c)] as where e = r/|r|, δ i j is Kronecker's delta, and ǫ i jk is the Levi-Civita tensor. The scalar functions X, Y, and Z above are called the resistance functions. We have 11 functions for each pair αβ. Note that for particles of other shape, such as spheroid for which orientation vectors should be included, the above factorizations by the single vector e cannot be achieved. From the symmetry on the exchange of particle indices α and β, we have the relations [in (JO-19a) -(JO-19e) and (J-5a) -(J-5f)] as
where
and r = |r|. Therefore, once we have obtained 22 resistance functions for (αβ) = (11) and (12), we can construct the grand resistance matrix completely. We will see the calculations in Sec IV.
B. Lamb's General Solution
In this paper, we utilize Lamb's general solution 21, 22 to solve the problem. Lamb's general solution in the exterior region for the pressure p and velocity u is given by
where u ∞ is the imposed velocity and v is the disturbance velocity field. The solid spherical harmonics p −n−1 , χ −n−1 , and
where Y mn is the spherical harmonics defined by
with the associated Legendre function P m n , and p mn , q mn , and v mn are the coefficients to be determined from the boundary conditions.
III. SINGLE SPHERE
First, let us consider a single sphere with radius a at the origin. On the particle surface |r| = a, the conventional noslip boundary condition is given by
where U and Ω are the translational and rotational velocities of the particle, respectively. Here, we also introduce the strain tensor E of the particle surface, so that the boundary condition (13) is applicable to the deformable particle at instance of spherical shape. For rigid spherical particle, E = 0.
A. The Navier Slip Boundary Condition
Navier 2 proposed the slip boundary condition, where the slip velocity on the surface is proportional to the tangential force density, as
where γ is the slip length, I is the unit tensor, n is the surface normal (equal to r/r for sphere), and σ is the stress tensor defined by
Rewriting Eq. (14) by using the disturbance field v and the imposed flow u ∞ , we have
where the disturbance part t and imposed part t ∞ of the tangential force density are defined by
and the corresponding stresses are
w ∆ is defined by
and
Note that, in the slip boundary condition (16) , the left-hand side is the disturbance quantities and the right-hand side is the imposed quantities. Also note that, on the imposed part, the slip contribution appears only on the flow with E ∞ 0 as shown in Eq. (20) .
In terms of Lamb's general solution for the disturbance field v in Eq. (10), the corresponding surface force density f is given by 21, 22 
and t defined in Eq. (17a) is expressed by
Three Scalar Functions
In order to achieve the boundary condition for Lamb's general solutions, Jeffrey and Onishi 13 used three scalar functions as in Happel and Brenner, 22 §3.2. Consider a general vector field g and its surface vectors G defined by
so that
We define the following three scalar functions
Obviously, the first scalar G rad is the radial component G r = (r/r) · G itself. The other two, G div and G rot , are related to the tangential components (i.e., G θ and G φ in polar coordinates), except for the factor −2G r on the divergence, as
where S is +1 in the right-handed coordinates and −1 in the left-handed coordinates. It should be noted that the divergence of the surface vector G is related to the 3D vector field g as
where the substitution of |r| = a is applied after the derivatives. a. Velocity Field As a first example, consider the disturbance velocity v, whose surface vector is defined by V as
By definition, the first scalar V rad is given by v as
Because v satisfies ∇ · v = 0, V div is given by
from Eq. (27) . V rad is independent of its radial component V r as shown in Eq. (26b), so that it is simply written by v as
From Lamb's general solution for v in Eq. (10), then, the three scalars are obtained as in Jeffrey and Onishi. 13 b. Tangential Surface Force Next, let us consider t which is necessary for the slip boundary condition (16) . Its surface vector is defined by
The radial component of t is zero by definition as
From Eq. (27) , therefore, we have
Because the rotation has no radial component for an arbitrary vector field, we can use the bare surface force f for the boundary condition for the tangential force t as
Using Lamb's general solution in Eq. (22) , the three scalar components for t are given by
c. Disturbance Part Three scalars for V are obtained by Eqs. (29a), (29b), and (29c), and the slip contribution −(γ/µ)T by Eqs. (32a), (32b), and (32c). Substituting Lamb's solution (10) with the expansions in Eqs. (11a), (11b), and (11c) and putting r = a, the three scalars of the disturbance part, i.e. the left-hand side, of the slip boundary condition (16) are given by
where the scaled slip length γ is defined by
d. Imposed Part Let us look at the three components for the vector w ∆ in Eq. (19) . Note that the divergence is zero as shown by
because E kk = 0. Therefore, we need to calculate the divergence component through the derivative of the radial velocity (as for v). The three components for w ∆ are then given by
We use the identity ǫ i jk ǫ jkl = 2δ il for the last equation. For t ∞ , the three components are given as follows. The normal component is zero by definition as r i r t
and, therefore, the divergence component is obtained through Eq. (27) as
where we use E ∞ kk = 0. The rotation vanishes as
Define the surface vector of the right-hand side of the slip boundary condition (16) by
The three scalars for W are then given by
Recurrence Relations
Let us introduce the spherical harmonics expansion for the three components of the imposed part by
From Eqs. (41a), (41b), and (41c), the coefficients χ mn , ψ mn , and ω mn are given by the parameters ∆U , ∆Ω, ∆E, and E ∞ . Therefore, by the boundary condition (16) at the surface |r| = a with the scalars of the disturbance fields in Eqs. (33a), (33b), and (33c), the coefficients (p mn , q mn , v mn ) are given by the boundary condition (χ mn , ψ mn , ω mn ) as
Note that in the no-slip ( γ = 0) and perfect-slip ( γ = ∞) limits, Γ m,n reduces to
B. Single Body Solutions
In the following, we solve single-body problem with the slip boundary condition through Eqs. (43a), (43b), and (43c).
Translating Sphere
Consider translating sphere with the velocity U = (0, 0, U), which is given by
Substituting the condition (46) into the recurrence relations (43a), (43b), and (43c), we have the solution
The force acting on the particle is given by the coefficients of Lamb's general solution [in (JO-2.10)] as
wherex,ŷ, andẑ are the unit vectors in x, y, and z directions, respectively. Therefore, the force on the sphere translating with the velocity U in z direction is
This is identical to the result by Basset. 7 (See also Lamb 21 Art. 337, 3
• and Felderhof.) 8 Substituting the coefficients (47a), (47b), and (47c) into Lamb's general solution in Eq. (10) and rewriting the parameter U by the strength of the force F through Eq. (49), the disturbance field is given by
where J is the Oseen-Burgers tensor
Rotating Sphere
For the problem of rotating sphere, W rot in Eq. (41c) is the only non-zero component. Consider a sphere with the angular velocity Ω = (0, 0, Ω), which reduces to
The torque acting on the particle is given by the coefficients of Lamb's general solution [in (JO-2.11)] as
Therefore, the torque on the sphere rotating with the angular velocity Ω in z direction is
This is consistent with the result by Felderhof 8 and Padmavathi et al. 23 Note that the torque T would vanish for the sphere with the perfect-slip surface (for γ = ∞). Substituting coefficients (53a), (53b), and (53c) into Lamb's general solution in Eq. (10) and using Eq. (55), the disturbance field is given by
Sphere in Strain Flow
For the problem of sphere in strain flow, we have two nonzero components on W . Here we assume the rigid sphere, so that E = 0 and from Eqs. (41a), (41b), and (41c),
Let us consider the strain given by
This is achieved by
Substituting the boundary conditions (60a) and (60b) into the recurrence relations (43a), (43b), and (43c), we have the solution
The stresslet acting on the particle is given by the coefficients of Lamb's general solution [in (J-6)] as
Therefore, the stresslet on the sphere in the strain flow with the parameter E is
which is identical to the result by Felderhof. 8 This yields to the effective viscosity µ * of the suspension in the dilute limit up to O(φ) as
where φ is the volume fraction. This is identical to the expression (9-5.11) in Happel and Brenner. 22 The effective viscosity of slip particles has two extremes as
The latter agrees with the result for spherical gas bubbles. Substituting the coefficients (61a), (61b), and (61c) into Lamb's general solution in Eq. (10) and using Eq. (63), the disturbance field is given by
IV. TWO-BODY PROBLEM
Now, we study two-body problem. We will determine 22 resistance functions mentioned in Sec. II A. Following Jeffrey et al., 13, 14 we write these functions in terms of the coefficients f m and determine the coefficients. Here we summarize the definitions of the coefficients: X A αβ are given [in (JO-3.13) and (JO-3.14)] by 
A. Twin Multipole Expansions
Let us consider two particles α = 1 and 2, whose centers, radii, and slip lengths are given by x α , a α , and γ α , respectively. The scaled slip length for particle α is defined by
First, we outline the derivation of equations among coefficients (p mn , q mn , v mn ) and (ψ mn , χ mn , ω mn ) for the slip spheres. Then, we solve the recurrence relations for each problem and obtain all the resistance functions.
Outline
In Sec. III, the problem of single slip sphere has been solved by Lamb's general solution (10) through three scalars of the surface vector on the both sides of the slip boundary condition (16). Jeffrey et al. 13, 14 solved two-sphere problem with no-slip boundary condition, i.e. γ = 0 in Eq. (16) . To complete the boundary condition for two slip spheres, we need to obtain the tangential force density caused by particle (3−α) on the surface of particle α. Let us denote it by t ′(α) , that is,
where n (α) is the surface normal of particle α (r (α) /r α for a sphere), and σ (3−α) is the disturbance part of the stress caused by particle (3 − α) given by
Here, p (3−α) and v (3−α) are expressed in terms of Lamb's general solution for the polar coordinates of particle (3 − α) given by Eqs. (9) and (10), respectively. Because
, we cannot use the surface force density f in Eq. (21) . Following similar calculations by Jeffrey and Onishi 13 for the disturbance velocity, we can write σ (3−α) by the spherical harmonics with respect to the particle α in terms of the trans-
and the following relations [in (JO-2.7)]
After substituting the expansions for the solid spherical harmonics p
−n−1 , and Φ (3−α)
−n−1 in Eqs. (11a), (11b), and (11c), the three scalars of the surface vector of t ′(α) are obtained in the form of the expansion with spherical harmonics Y mn (θ α , φ). Combining the results of t ′(α) and those of the disturbance velocity on particle α caused by particle (3 − α) given by Jeffrey and Onishi 13 with the single-sphere problem in Eqs. (43a), (43b), and (43c), we have three equations for the coefficients, corresponding to Eqs. (JO-2.9a), (JO-2.9b), and (JO-2.9c) for the no-slip case, as
In writing these three equations, we can take any independent linear combinations in principle. For the single-sphere problem, we may write three equations for p mn , q mn , and q mn as in Eqs. (43a), (43b), and (43c), or those for the coefficients of the boundary condition χ mn , ψ mn , and ω mn , instead. Jeffrey and Onishi 13 take equations for ψ
mn , and ω (α) mn for no-slip particles. Here we extend the equations for slip particles so that the structures of the equations for noslip case would hold, that is, the interaction terms (with the summation of s) contain only p Note that Keh and Chen 16 take a different form for the first equation, that is, ψ
mn in Eq. (KC20a). Although they are mathematically equivalent, Eq. (84a) is simpler and we will use it later in this paper. Also note that there are typos in Keh and Chen 16 at Eqs. (KC-20a,b,c) where
If we look at the slip boundary condition from which these three equations are derived, it is obvious that only the slip length of particle α would appear there. It should be noted that the results such as coefficients f k in Keh and Chen 16 are correct, because they took a simplification that the scaled slip lengths for two particles are the same ( γ 1 = γ 2 in present notations).
Recurrence Relations
For resistance functions, the boundary conditions are given completely by χ mn , ψ mn , and ω mn , which are independent of the distance between the particle r and therefore t α and t 3−α . This means that the coefficients P npq , V npq , and Q npq of the (p,
the initial condition at p = 0 and q = 0. Therefore, we split the above three equations into two parts, the initial conditions and the recurrence relations. The initial conditions are
The recurrence relations are
It should be noted that the initial conditions are independent of m, while the recurrence relations are not. Therefore, the initial conditions are the same for X (m = 0), Y (m = 1), and Z (m = 2) functions for each problems (translating, rotating, or in the strain flow).
We also note that the recurrence relations have α-dependent quantity Γ (α) , so that we need to solve the coefficients P npq , V npq , and Q npq for α as well as (3 − α), while, for the no-slip case, the coefficients for α and (3 − α) are identical.
The results shown in the following are obtained by the program implemented on an open source computer algebra system called "Maxima". 24 The program is relatively slow due to its symbolic calculation and the coefficients are obtained up to k = 20, at least. We also implement a code in C with floatingpoint variables where the parameters a α and γ α must be given by numbers for the calculation. With this code, we can obtain the coefficients around k = 100.
B. X Functions (m = 0)
For the case of m = 0, q (α) and q (3−α) are decoupled from the others.
X A Function
The boundary condition for the X A problem is given by
To obtain the coefficients for each order of the power of r, we expand the coefficients [in (JO-3.4) and (JO-3.5)] as
Substituting the expansions, we have the initial conditions for p = 0 and q = 0 from Eqs. (86a) and (86b) by
(87a) and (87b) by 
Here we see a slight difference from the no-slip case. This is because of the α dependence of P 
(1)
The results are identical to those obtained by method of reflections in Eqs. (A14c), (A14a), and (A14b) for the terms containing one or two Γ's, because only the first reflection from the particles 1 to 2 is taken and the higher reflections are missing in the present calculation of the method of reflections. Therefore, f XA1 2 and λ 2 term in f XA 3 do not appear. Also the results reduce to those by Jeffrey and Onishi 13 in the no-slip limit γ = 0, and those by Keh and Chen 16 in the case of γ 1 = γ 2 . Therefore, they also reduce to those by Hetsroni and Haber 25 in the perfect slip limit γ = ∞.
X G Function
With the same recurrence relations and the initial condition for X A , that is, for the translating particles, the function X G is obtained from the coefficient P 2pq for the stresslet instead of P 1pq for the force.
In this case, the coefficient f XGα k is defined as
The explicit forms up to k = 7 are
2,3 (5Γ
2,5 + 9Γ
(1) 
2,3 )
2,5 + 960Γ
The results are identical to those obtained by method of reflections in Eqs. (A20a), (A20b), and (A20c) for the terms containing one or two Γ's, similarly to X A . The results reduce to those by Jeffrey 14 in the no-slip limit γ = 0.
X C Function
The function X C gives the torque for the rotating particles in the axisymmetric case (m = 0). The boundary condition is given by
Note that Q npq is decoupled from P npq and V npq for m = 0. Using the expansion [in (JO-6.4)]
we have the initial condition for p = 0 and q = 0 from Eq. (86c) by
and the recurrence relation for p ≥ 0 and q ≥ 0 from Eq. (87c) by
where j = 0 for even k and j = 1 for odd k. Because many terms of f XC1 k in lower orders are zero, we show the explicit forms up to k = 11 as
The results are identical to those obtained by method of reflections in Eqs. (A44a), (A44b), and (A44c) for the terms containing one or two Γ's. The results reduce to those by Jeffrey and Onishi 13 in the no-slip limit γ = 0 and those by Keh and Chen 16 in the case of γ 1 = γ 2 .
X M Function
The function X M gives the stresslet under a strain flow in the axisymmetric case (m = 0). Therefore, it is derived by the coefficient P 2pq for the stresslet from the same recurrence relations for X A with a different initial condition. The boundary condition is given by
which corresponds to Eq. (J-41) with the correction due to the slip. Using the expansion [in (J-42) and (J-43)]
the initial conditions for P npq and V npq are given from Eqs.
(86a) and (86b) by
The coefficient f
where j = 0 for even k and j = 1 for odd k. The explicit forms up to k = 7 are 
Y A Functions
The boundary condition for the Y A problem is given by 
Also note that the minus sign in the right-hand side of (JO-4.5) is missing. Substituting these expansions into Eqs. (86a), (86b), and (86c), the initial conditions are given by
which correspond to (KC-37a,b,c). From Eqs. (87a), (87b), and (87c), the recurrence relations are given by 
+4Γ
The results are identical to those obtained by method of reflections in Eqs. (A27a), (A27b), and (A27c) for the terms containing one or two Γ's. The results reduce to those by Jeffrey and Onishi 13 in the no-slip limit γ = 0 and those by Keh and Chen 16 in the case of γ 1 = γ 2 .
Y B Functions
The 
for Q 1pq obtained by the recurrence relations for Y A . The explicit forms up to k = 7 are
The results are identical to those obtained by method of reflections in Eqs. (A32a), (A32b), and (A32c) for the terms containing one or two Γ's. The results reduce to those by Jeffrey and Onishi 13 in the no-slip limit γ = 0 and those by Keh and Chen 16 in the case of γ 1 = γ 2 .
Y G Function
With the same recurrence relations and the initial condition for Y A , that is, for the translating particles, the function Y G is obtained from the coefficient P 2pq for the stresslet instead of P 1pq for the force.
In this case, the coefficient f YGα k is defined as
2,5 − 5Γ
The results are identical to those obtained by method of reflections in Eqs. (A38a), (A38b), and (A38c) for the terms containing one or two Γ's. The results reduce to those by Jeffrey 14 in the no-slip limit γ = 0.
Y C Function
The function Y C gives the torque for the rotating particles with m = 1. Therefore, it is derived by the coefficient Q 1pq for the torque from the same recurrence relations as for Y A , but with different initial condition
In this case, the coefficient f YCα k is defined as
where j = 0 for even k and j = 1 for odd k. The explicit forms up to k = 7 are
The results are identical to those obtained by method of reflections in Eqs. (A49a) and (A49b) for the terms containing one or two Γ's. The results reduce to those by Jeffrey and Onishi 13 in the no-slip limit γ = 0 and those by Keh and Chen 16 in the case of γ 1 = γ 2 .
Y H Function
With the same recurrence relations and the initial condition for Y C , that is, for the rotating particles, the function Y H is obtained from the coefficient P 2pq for the stresslet instead of Q 1pq for the torque.
In this case, the coefficient f YHα k is defined as
2,3 Γ
2,5 .
The results are identical to those obtained by method of reflections in Eqs. (A55a) and (A55b) for the terms containing one or two Γ's. The results reduce to those by Jeffrey 14 in the no-slip limit γ = 0.
Y M Function
The function Y M gives the stresslet under a strain flow for m = 1. Therefore, it is derived by the coefficient P 2pq for the stresslet from the same recurrence relations as for Y A , but with different initial condition. The boundary conditions are
which correspond to Eq. (J-54) with the correction due to the slip. The expansions used here are [in (J-55), (J-56), and (J-57)]
The initial conditions are given from Eqs. (86a), (86b), and (86c) by
In this case, the coefficient f
The results are identical to those obtained by method of reflections in Eqs. (A67a), (A67b), and (A67c) for the terms containing one or two Γ's. The results reduce to those by Jeffrey 14 in the no-slip limit γ = 0.
The boundary conditions are given by 
From Eqs. (87a), (87b), and (87c) for m = 2 and the expansions above, the recurrence relations are given by
The initial conditions are obtained from Eqs. (86a), (86b), and (86c) as
In this case, the coefficient f ZMα k is defined as
where j = 0 for even k and j = 1 for odd k. The explicit forms up to k = 11 are
2,7 + 8Γ
(2)
The results are identical to those obtained by method of reflections in Eqs. (A72a), (A72b), and (A72c) for the terms containing one or two Γ's. The results reduce to those by Jeffrey 14 in the no-slip limit γ = 0.
V. CONCLUDING REMARKS
We have extended the calculations of resistance functions of two spheres with arbitrary size by the method of twin multipole expansions in general linear flows by Jeffrey and Onishi 13 and Jeffrey 14 to the slip particles with the Navier slip boundary condition with arbitrary slip lengths. This extension complements the previous results of slip particles obtained by Keh and Chen 16 for the same scaled slip lengths without strain flow. In limiting cases, the present calculations recover the existing results, that is, those by Jeffrey et al. 13, 14 in the no-slip limit, and those by Keh and Chen 16 in the case of equal scaled slip lengths. We have also derived the resistance functions by the method of reflections and demonstrated its consistency with the twin multipole expansions.
The present solutions of two-sphere problem cover much wider range than the previous solutions. Because the particle radii and slip lengths can be chosen independently, the solutions are not only applicable to the problem of two bubbles (demonstrated in Keh and Chen) 16 but also to that of solid particle and gas bubble, for example, with arbitrary sizes. In addition to these fundamental aspects in fluid dynamics, the solutions of slip particles is quite important for applications to micro-and nanofluidics, where the no-slip boundary condition may break. 1, [4] [5] [6] Furthermore, the importance of the exact solution should be emphasized, because of the fact that the slip boundary condition is solved under relatively limited cases compared to the no-slip case.
Using the multipole expansions and Faxén's laws derived in the present paper, recently the Stokesian dynamics method 26 is extended from the no-slip particles to the slip particles. 12 Because the lubrication corrections are missing in the formulation, the applicability is limited to relatively dilute configurations. The present work is a first step to improve the Stokesian dynamics method for slip particles at the level of the noslip particles. To complete the program, we have to obtain the asymptotic forms of resistance functions by lubrication theory. To the authors' knowledge, just a few functions 10 are obtained for slip particles by now. On the other hand, the present exact solution expressed by 1/r expansion is the complete set for the motion of rigid (slip) particles, that is, it contains all 11 scalar functions for each pair of particles αβ, so that it is quite helpful to complete the lubrication theory for slip particles and to develop the Stokesian dynamics method with lubrication effect for arbitrary slip particles.
The computer programs used in the paper and the results of coefficients for higher orders (up to k = 20) are available on the open source project "RYUON-twobody". 27 and the force F (α) , torque T (α) , and stresslet S (α) on the sphere are given by
(See Eqs. (49), (55), and (63) in the previous section.) Reading Eq. (A1) as multipole expansion of the velocity field, Faxén's laws for slip sphere are derived as
where u ′ is the velocity field in absent of particle α. For later use, we rewrite Eq. (A1) in the resistance form by replacing
, and E (α) from Eqs. (A3a), (A3b), and (A3c) as
Translating Spheres in Axisymmetric Motion
Here we set the relative vector between particle 1 and 2 in z direction as
For the function X A , we set the velocity of the particle 1 parallel to r as
From Faxén's law for the force (A4) with the disturbance field (A7) with Eq. (A9), we have the force on the particle 2 due to the translating particle 1 as
In terms of the scalar functions X A αβ , the force is expressed as
where s and λ are defined in Eq. (8) . Therefore,
From the symmetry of X A αβ in Eq. (7a), we have
From the expression of X A 12 in Eq. (68b), we have f
For the self part X A 11 , we have
These coefficients (and those for the rest of the functions below) will be compared with the results by twin multipole expansions in Sec. IV A. From Faxén's law for the torque (A5), we have torque on the particle 2 due to the translating particle 1 as
because Ω α = 0 in the present problem and ∂ j u (1) k is symmetric about the indices j, k. This fact reflects that there is no X B function in Eq. (6b). From Faxén's law for the stresslet (A6),
2,5 Γ
In terms of the scalar functions X G αβ , the stresslet is expressed as
0,5 Γ
2,3 .
From the symmetry of X G αβ in Eq. (7f), we have
Translating Spheres in Asymmetric Motion
Next, we study the asymmetric motion of the spheres to their center-to-center vector, that is, the velocity U (1) is in ydirection as
Note that, for r = (0, 0, r), from Eq. (6a), we have
From Faxén's law for the force (A4) with the disturbance field (A7) with Eq. (A21), we have the force on the particle 2 due to the translating particle 1 as
In terms of the scalar functions Y A αβ , the force is expressed as 
for e = (0, 0, 1) and U = (0, U, 0). Therefore, we have 
Rotating Spheres
Next, we consider rotating spheres. In the two-body problem with r = (0, 0, r), we set the angular velocity Ω (1) for the axisymmetric case by
and for the asymmetric case to the axis r by
a. Torque in Axisymmetric Motion From Faxén's law for the torque (A5) with the disturbance field (A7) with Eq. (A39a), we have the torque on the particle 2 due to the translating particle 1 as 
0,3 Γ
0,3 .
b. Torque in Asymmetric Motion For the asymmetric motion to the center-to-center vector, from Faxén's law for the torque (A5) with the disturbance field (A7) with Eq. (A39b), we have the torque on the particle 2 due to the translating particle 1 as 
c. Stresslet Because ∂ j u (1) i for the axisymmetric motion is anti-symmetric for i and j, there is no contribution to the stresslet. For the asymmetric motion to the axis, from Faxén's law for the stresslet (A6) with the disturbance field (A7), S (2) i j = 10πµa 
The stresslet on particle 2 caused by particle 1 is given by πµ(a 2 + a 1 ) 3 H (21) i jk Ω
k ,
where, for r = (0, 0, r) and Ω
i jk Ω
